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Motivation

* Clustering and more
general structure learning
tasks are often ambiguous

e Many structures co-exist
simultaneously

* The problem of
comparison of solutions
cannot be resolved by
testing any property of the
clustering itself

Example

B



Motivation

* We do not cluster the data just for the sake of
1t, but rather to facilitate a solution of some
higher level task

* The quality of clustering should be evaluated
by 1ts contribution to the solution of that task

* The main obstacle in the development of
unsupervised learning 1s the absence of good
formulations of its application contexts



Example

E |

* Cluster then pack

* Clustering by shape is
«. preferable

Evaluate the amount
of time saved




Outline

Two problems behind co-clustering
— Discriminative prediction

— Density estimation

PAC-Bayesian analysis of discriminative prediction
with co-clustering

— Combinatorial priors

PAC-Bayesian bound for discrete density estimation

— Density estimation with co-clustering

Extensions



Discriminative Prediction with Co-clustering

« Example: collaborative filtering |
 Goal: find discriminative X, (movies)

prediction rule q(Y|X,,X,)

Y

Y

Y

X, (viewers)




Discriminative Prediction with Co-clustering

« Example: collaborative filtering

* (Goal: find discriminative
prediction rule q(Y|X,,X,)

 Evaluation:
L(C]) — Ep(Xl,Xz,Y)Eq(Y'\Xl,Xz)I(YﬂY')

Expectation w.r.t. Expectation
the true distribution w.r.t. the
P(X,X,,Y) classifier

(Y[ X1,Xp)

Given
loss

A%

X, (viewers)

X, (movies)

Y




Discriminative Prediction with Co-clustering

« Example: collaborative filtering

L X -
 Goal: find discriminative 2 (movies)

prediction rule q(Y|X,,X,) E Y Y
» Evaluation: ;E/ Y
><\—|

L(q) = Ep(xlsxzaY)EQ(Y'\Xlaxz)l(Y’Y')
* Model-independent comparison



Co-occurrence Data Analysis

» Example: words-documents co-
occurrence data

* Goal: find an estimator q(X,,X,)
for the joint distribution p(X,,X,)

X, (words)

X, (documents)



Co-occurrence Data Analysis

» Example: words-documents co-
occurrence data

* Goal: find an estimator q(X,,X,)
for the joint distribution p(X,,X,)

 Evaluation:
L(C]) — _Ep(Xl,Xz) lnq(Xv xz)

X, (words)

X, (documents)

The true distribution
p(XbXZ)



Density Estimation with Co-clustering

Example: words-documents co-
occurrence data

Goal: find an estimator q(X,,X,)
for the joint distribution p(X,,X,)

Evaluation:
L(C]) — _Ep(Xl,Xz) lnq(Xv xz)
Model-independent comparison

X, (documents)

X, (words)




Discriminative prediction
based on co-clustering

Model: q(Y | X,,X,)= > a(Y |C,,C,)q(C, | X,)q(C, | X,)

C1 7C2

C, C,
Xl X2

q(Y|C19C2)




PAC-Bayesian Analysis

QY [X,,X,)= 2,a(Y[C,,.C,)aC, | X)acC, [ X,)

H—all harcli 2partiti0ns + labels for partition cells
P — combinatorial (next slide)

Q —1a(Cy[X)), A(C,[X,), a(Y[C,,C,)5 X,
a(x;,C;) = 1/]X| g(c;|x;)

q(Y]Cy,C)



Prior Construction

« |Xi| possibilities to choose |C||




Prior Construction

« |Xi| possibilities to choose |C||

« < |X[Ci! possibilities to choose a cardinality
profile along dimension I




Prior Construction

* |X,| possibilities to choose |C||
« < |X[Ci! possibilities to choose a cardinality
profile along dimension I

. [nl‘x}‘]_ajsexi“‘“ possibilities to assign X;-s to C;-s

i 9y

4
4 unbalanced partitions [ZJ = 6 balanced partitions



Prior Construction

| Xi| possibilities to choose |C||

< |Xi|“i-! possibilities to choose a cardinality

profile along dimension I
o ‘.%‘J]_C,jﬁex‘“‘c‘) possibilities to assign X;-s to C;-s
Y|[€1liC2l possibilities to assign labels X,

to partition cells

Xy




Prior Construction

| Xi| possibilities to choose |C||

< |Xi|“i-! possibilities to choose a cardinality

profile along dimension I
o ‘.%‘J]_C,jﬁex‘“‘c‘) possibilities to assign X;-s to C;-s
Y|[€1liC2l possibilities to assign labels X,

to partition cells

3" [-1X;1H (C; )~Ci ] X; ]-C4 G, [n]Y |

P(h)>e" Xy




Calculation of D(Q||P)

3" [-1X;1H (C; )~Ci ] X; ]-C4 G, [n]Y |

P(h)>e"
* 9(X;,.Cp) = 1/]X;] a(C;[X;) = a(Cy)=1/]1X;| Z,,a(Ci[x;)



Calculation of D(Q||P)

3" [-1X;1H (C; )~Ci ] X; ]-C4 G, [n]Y |

P(h)=>e"
* q(X;,C) = 1/1X| a(Gi| X)) = q(Cy)=1/|Xj| Z,,a(C;[x;)
* D(Q[IP) = Eq,-InP(h) — H(Q)



Calculation of D(Q||P)

3" [-1X;1H (C; )~Ci ] X; ]-C4 G, [n]Y |

P(h)>e'

* 9(X;,.Cp) = 1/]X;] a(C;[X;) = a(Cy)=1/]1X;| Z,,a(Ci[x;)
* D(Q[|P) = Eqpy-InP(h) — H(Q)

+ EquuyrInP(h) < Z{[IX[H(C)+/CInX,[1+C,[C,lIn]Y,



Calculation of D(Q||P)

3" [-1X;1H (C; )~Ci ] X; ]-C4 G, [n]Y |

P(h)>e'
* q(X;,C) = 1/1X| a(Gi| X)) = q(Cy)=1/|Xj| Z,,a(C;[x;)
* D(Q[IP) = Eq,-InP(h) — H(Q)
+ EgqurInP(h) < Z[XH(C)HCIn|X{1HC,|ClInlY|
* -H(Q) = -[Xj|H(C;|X;)




Calculation of D(Q||P)

D [=1XiIH (C)=ICi lin|X; | ]HC, [C, InjY |

P(h)>e'

* 9(X;,Cy) = I/|X;| a(Ci|X;) = q(Cp=1/|X{| Z,,a(C;[x;)
* D(Q[|P) = Eqy-InP(h) — H(Q)

+ EgqurInP(h) < Z[XH(C)HCIn|X{1HC,|ClInlY|
* -H(Q) = -[X;H(Ci|X})

* D(QIIP) = Z;[ [X;[10X;;Cy)H Ci|In| X[ ]+ C4 ||C,|In]Y|




Generalization Bound

* With probability > 1-0:
D IXi[H(XC)+K

Dyer (L(Q) || L(Q)) < -

N

K :ZCilnXi+(HCijlnY+ln(4N)/2—ln5

J

— \_Y_I \
Logarithmic Number of
in | X| partition cells

Y

PAC-Bayesian
bound part




Generalization Bound

* With probability > 1-0:

A D IXi[H(XC)+K
Dier (L(Q) [ L(Q)) < =

N

Low Complexity High Complexity
1(X;;C;) =0 1(X;;C;) = In[X;



Generalization Bound

* With probability > 1-o:
:i‘xi“(xi;ci)-l-l(
D,.((LQ)) L(Q)) £ —>—

N
Optimization tradeoft:
Empirical loss vs.
Effective” partition L ower Higher

complexity Complexity Complexity



Application

* Replace with a trade-off
F(Q) = ANL(Q)+ | X[1(X;;C)
. MovieLens dataset
— 100,000 ratings on 5-star scale
— 80,000 train ratings, 20,000 test ratings
— 943 viewers x 1682 movies
— State-of-the-art Mean Absolute Error (0.72)

— The optimal performance is achieved even
with 300x300 cluster space



Mean Absolute Error

13x6 Clusters

F(Q) = ANLQ)+ D [X|1(X;;C))

| — Bound
— Test MAE
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Mean Absolute Error

0.7 | | |
0.0625 0.125 0.25

50x50 Clusters

F(Q) = ANLQ)+ D [X|1(X;;C))

— Test MAE
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283x283 Clusters

F(Q) = ANLQ)+ D [X|1(X;;C))

— | sl | = Test MAE

Mean Absolute Error

— Bound
— Test MAE | 1




PAC-Bayesian Bound for

Discrete Density Estimation

— X —sample space, H — hypothesis space
— Each heH 1s a function h:X—Z; Z - finite
— Pr(£) = Py th(X)=Z}



PAC-Bayesian Bound for

Discrete Density Estimation
— X —sample space, H — hypothesis space
— Each heH 1s a function h:X—Z; Z - finite

— Pr(2) = Py _pxy th(X)=Z;}
— P — prior over H, Q — posterior over H

— Pa(£)=Eqn)Pn(£)




PAC-Bayesian Bound for

Discrete Density Estimation

— X —sample space, H — hypothesis space

— Each heH is a function h:X—Z; Z - finite

— P(Z2) = Py _poxy tN(X)=Z}

— P —prior over H, Q — posterior over H

— Pa(£)=Eqn)Pn(£)

 PAC-Bayesian Bound for Density Estimation:
— With probability > 1-0 for all Q simultaneously:

DQ|P)+(Z|-DIn(N +1)—1Ins

N

D(Pq(2) [l pg(£)) <



Special case: bound for classification

* Density estimation: with probability 2 1-0:

DQ|P)+(Z|-DIn(N +1)—1Ins
N

D(Pq(2) ]l pg(£)) <

* Classification = density estimation of the error
variable

* If Z 1s the error variable, then |Z|=2 and
Po(£)=L(Q):

D(|:(Q) IL(Q)) < DQJ|P)+In(N+1)—Ino

N




Proof Idea

D(po(2) || po(2)) < DQIIP)+(|Z|-DIn(N +)~In&
Q Q S

N

* Change of measure inequality:
Eqm@(h) < D(Q|IP) + In Eppe#™



Proof Idea

DQ|P)+(Z|-DIn(N +1)~Ins

D(Pq(2) I po(2)) < N

* Change of measure inequality:
Eqn#(h) < D(Q|IP) + In Ep,e#M
* Choose:
¢(h)=ND(p,(2) | p,(2))
» Show that Ece#™ < (N+1)“""  S={X,,..X}



Proof Idea

DQ|P)+(Z|-DIn(N +1)~Ins
N

D(Pq(2) I po(2)) <

Change of measure inequality:

Eqm@(h) < D(Q|IP) + In Eppe#™

Choose:

#(h) = ND(p,(Z) | p,(2))

Show that Ege#™ < (N+1)*™ = {X,,...Xy}
EsEpn, €40 = Ep B4 < (N+1)7"!



A Bound on E """ @I

D(p,(Z / N
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A Bound on E """ @I
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A Bound on E """ @I

N Z]
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Density Estimation with Co-clustering

* Grven: p(X;, X,)
» Estimate: p(X,,X,)
* Minimize: —E, y «,In q(X,X,)




Density Estimation with Co-clustering

Model: Q = {q(C,[X,),a(C,[X,)} Cy <
q(X,, X,) = Zq(clacz)q(xl 1C)acx, [C,)
C,.C, X, X,
= >.4d(C,.C )H—q(c | X5)
1>~2 X2
X
=3




Density Estimation with Co-clustering

* Model: Q = {q(C,|X,),q(C,|X,)} Gy G,
q(X,, X,) = Zq(clacz)q(xl 1C)acx, [C,)
o Xy X

=2 4q(, C)l_[gq(C | X)

C,.C,
* Estimator:
TjQ(ClaCz)OC E)Q(Clacz)'|'7/1 X 2
Po (C;) o Py (Ch) + 7, L &)
P(X;) o p(X;)+ 7, <




Density Estimation with Co-clustering

* Model: Q = {q(C,|X,),q(C,|X,)} X,

- = (X))
X,,X,)= C.CH 2 g(C. | X,
ol ) CZC Do ( )H pQ(Ci)q( | X5) X,

* With probability > 1-0:

S IX1(X:C)+ K,

—Ep(xlsz)lnq(xl,Xz)S—f(Cl;C2)+ln(C1Cz)\/ i N +K,




Density Estimation with Co-clustering

* With probability > 1-0:

S IX1(XC)+ K,

_Ep(xl,xz)lncl(xnXz)g_?(cl;cz)+ln(c1Cz)\/ i N +K,

 Related work

— Information-Theoretic Co-clustering [Dhillon et. al. 03]:
maximize |(C,;C,) alone

— PAC-Bayesian approach provides regularization and
model order selection



Density Estimation with Co-clustering

* With probability > 1-0:

Z‘Xi“(xi;ci)+Kl
_Ep(xl,xz)lnqo(laXz)S_?(Cl;cz)+ln(‘C1HC2D i N +K,
K, =Y H(X)+...
1(C,,C,)=0 1(C,C,) = 1(X.X,)

1(X;;C.) =0 1(X;;C;) = In|Xj|



Graphical Models

N

Discriminative
Prediction

Density
Estimation



Tree-Shaped Graphical Models

 (Generalization bound:

— Trade-off between
empirical performance

and the mutual D, D,
information propagated up /\ /\
the tree C, C, C, C,
* Future work:
— Optimization algorithms
Xl X2 X3 X4

— Applications

— More general graphical
models



Graph Clustering, Pairwise Clustering

» The weights of the links are generated
according to:

QW3 Xi, X)) = 2, ¢, AW;|Co,Cp) A(C, X)) a(CylX;)
 This 1s the co-clustering model with shared

q(ClX)
— Same bounds and algorithms apply



Summary of main contributions

 PAC-Bayesian analysis of unsupervised learning
— Co-clustering
— Tree-shaped graphical models

— Graph clustering, pairwise clustering
« PAC-Bayesian bound for discrete density estimation

e Combinatorial priors = mutual information
regularization terms



Future Directions

 PAC-Bayesian analysis of unsupervised learning
— Clustering
— Continuous density estimation

— General graphical models

* PAC-Bayesian analysis of reinforcement learning
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